ABSTRACT. We give an abstract definition, similar to the axioms of a Stein manifold, of a class of complex Banach manifolds in such a way that a manifold belongs to the class if and only if it is biholomorphic to a closed split complex Banach submanifold of a separable Banach space. 
Stein manifolds can be characterized among complex manifolds in various ways, including the two ways (I) and (II) below. A paracompact second countable Hausdorff complex manifold M of pure dimension is a Stein manifold if and only if one and hence both of the following equivalent conditions (I) and (II) below hold. (II) There is an n ≥ 1 such that M is biholomorphic to a closed complex submanifold M ′ of C n .
Let X be a separable Banach space, and M a paracompact second countable Hausdorff complex Banach manifold modelled on X. We call M a Stein Banach manifold modelled on X if (i-iv) below hold.
(i) Holomorphic domination is possible in M , i.e., if u: M → R is any locally upper bounded function, then there are a Banach space Z and a holomorphic function h: M → Z with u(x) < h(x) for all x ∈ M .
(ii) There are open sets U n , V n ⊂ M , and holomorphic functions f n ∈ O(M ), n ≥ 1, such that
x ∈ M } is the diagonal of M ×M , and f n (U n ) and f n (V n ) are disjoint sets in C for all n ≥ 1.
(iii) There are open sets W n ⊂ M and holomorphic maps g n ∈ O(M, X) for n ≥ 1 such that
, where (f n ) and (g n ) are as in (ii) and (iii).
If M is finite dimensional, then it is easy to see that (i-iii) together are equivalent to (I), and (iv) is vacuous, since if Here Banach manifolds and Banach submanifolds are understood in terms of biholomorphically related charts, and a Banach submanifold is called split if each of its tangent spaces has a direct complement in the ambient Banach space. Clearly, a complex Banach submanifold M of X is split if and only if near each point x 0 ∈ M it is possible to split X as a direct sum
Proof. Suppose first that M is biholomorphic to an M ′ and verify that M satisfies (i-iv). It is enough to show that M ′ does.
As holomorphic domination is possible in X ′ by [P] , and thus also in
We define some linear functions f n : X ′ → C and g n : X ′ → X for n ≥ 1 whose restrictions to M ′ will do the job. For linear functions (iv) is automatic: we can let G k be the intersection of M
′ with the open ball x < k in X ′ and write 
x − y + Re f xy (y)}. Then x ∈ U xy , y ∈ V xy , and their images f xy (U xy ) and f xy (V xy ) are disjoint since they are the half planes − 1 2 x − y + Re f xy (x) < Re w, Re w < 1 2 x − y + Re f xy (y), which are clearly disjoint since − 1 2 x − y + Re f xy (x) = 1 2 x − y + Re f xy (y). Fix any point x 0 ∈ M ′ and denote its complex tangent space T x 0 M ′ by X and regard it as a closed linear subspace of X ′ . If x ∈ M ′ , then the complex tangent space T x M ′ and X are linearly isomorphic via a bounded linear map i x : T x M ′ → X, and there is a bounded linear projection p x :
By Lindelöf's theorem in the second countable (separable metric) spaces
′ , can be reduced to countable subcoverings U n × V n , W n , where U n = U x n y n , V n = V x n y n , and W n = W x ′ n for n ≥ 1. Thus the functions f n = f x n y n , g n = g x ′ n , n ≥ 1, do the job.
Conversely, assume that M satisfies (i-iv) and embed M biholomorphically as M ′ into a separable Banach space X ′ .
n ) and g n by g n /(L n 2 n ), we obtain new functions again to be called f n , g n that satisfy (ii), (iii), and the slightly strengthened version sup x∈G k (|f n (x)| + g n (x) ) < C k /2 n , k, n ≥ 1, of (iv).
The covering W n , n ≥ 1, of the paracompact space M has a locally finite refinement, which by Lindelöf's theorem can be taken to be countable, and can be shrunk since a paracompact Hausdorff space M is normal. There are open sets M n ⊂ M , n ≥ 1, with ∞ n=1 M n = M , and for each n ≥ 1 there is an index j(n) ≥ 1 with the closure M n ⊂ W j(n) . Define u: M → R by u(x) = inf{n ≥ 1: x ∈ M n }. Then u is locally upper bounded on M since u ≤ n on the open set M n .
By assumption (i) on holomorphic domination there are a Banach space Z and a holomorphic function h ∈ O(M, Z) with u(x) < h(x) for x ∈ M . As Z ′ = span{h(x): x ∈ M } is a separable Banach space, and as any separable Banach space can be embedded into C[0, 1] we can replace the Banach space Z by the separable space Z = C[0, 1] endowed with the sup norm.
Define a Banach space X ′ by X ′ = Z × ℓ 1 × ℓ 1 (X), where ℓ 1 and ℓ 1 (X) denote the spaces of summable sequences in C and in X. Let us write the variable y in X ′ as y = (y ′ , y ′′ n , y ′′′ n ), where y ′′ = (y ′′ n ) ∈ ℓ 1 and y ′′′ = (y ′′′ n ) ∈ ℓ 1 (X). Clearly, X ′ is a separable Banach space, being the product of three such spaces.
Define the map Φ: M → X ′ given by y = Φ(x), where
If k ≥ 1 and x ∈ G k , then we have
Our Φ is injective, since if x = y in M , then there is an index n ≥ 1 with x ∈ U n and y ∈ V n , so f n (x) = f n (y), and even more so Φ(x) = Φ(y).
We claim that the set
′ , we must show that there is an x ∈ M with y = Φ(x), i.e., y ∈ M ′ . As y
By the pigeon hole principle there are an index a with 1 ≤ a ≤ b and an infinite set I of indices i such that x i ∈ M a for all i ∈ I. As M a ⊂ W j(a) , and g j(a) is biholomorphic on W j(a) , we see that Φ(x i ), i ∈ I, may converge only if the x i , i ∈ I, converge in M a to one of its elements x ∈ M a ⊂ W j(a) . Thus
Thus M ′ is a closed split complex Banach submanifold of X ′ and Φ: M → M ′ is a biholomorphism. QED.
The most substantial part of the above proof is to show that holomorphic domination is possible on a separable Banach space. That was done in the reference [P] based upon the work of Lempert in [L] . It might be possible to weaken the axioms (i-iv) perhaps by dropping (iv) and replacing (i), that stands in for holomorphic convexity, by plurisubharmonic domination, i.e., by requiring a continuous plurisubharmonic function ψ: M → R that dominates the given locally upper bounded function u: M → R. Nevertheless, axioms (i-iv) represent perhaps the ultimate axioms for "Stein Banach manifolds" since any other system for which the desirable Theorem 1 holds must be equivalent with (i-iv). Most known methods of plurisubharmonic domination also yield holomorphic domination, and a 'constructive' procedure for building the functions f n , g n in (ii) and (iii) is likely to produce functions that also satisfy (iv). The author doubts whether a successful "Stein theory" could be built up for nonseparable Banach spaces and Banach manifolds. Even for separable Banach manifolds it would be better to restrict attention to the ones modelled on separable Banach spaces with the bounded approximation property (there are virtually no practical separable Banach spaces that do not satisfy the bounded approximation property). If M is a Stein Banach manifold modelled on such a Banach space, then the sheaf 
